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Recent theoretical and experiments have explored the use of entangled photons as a spectroscopic probe
of material systems. We develop here a theoretical description for entropy production in the scattering
of an entangled biphoton state within an optical cavity. We develop this using perturbation theory by
expanding the biphoton scattering matrix in terms of single-photon terms in which we introduce the photon-
photon interaction via a complex coupling constant, ξ. We show that the von Neumann entropy provides a
succinct measure of this interaction. We then develop a microscopic model and show that in the limit of fast
fluctuations, the entanglement entropy vanishes whereas in the limit the coupling is homogeneous broadened,
the entanglement entropy depends upon the magnitude of the fluctuations and reaches a maximum.
I. INTRODUCTION
Dynamical light scattering provides a sensitive probe
of correlations and fluctuations in material systems. The
basic theory and first applications of this technique
harken back to experiments by Tyndall on aerosols in
the 1860’s and theoretical work by Rayleigh.1–6 In fact,
Rayleigh showed that light scattering from density fluc-
tuations in the atmosphere give rise to the blue color of
the sky.7 The classic text by Berne and Pecorra helped to
establish the modern theory of dynamical light scattering
as an important probe of chemical physical processes.8
Experiments using entangled photon pairs as probes
of material systems have opened a new arena for both
linear and non-linear spectroscopy since quantum en-
tangled photons facilitate a direct probe of many-body
correlations.9–16 With this in mind, we develop here a
theoretical approach that connects the resultant entropic
change within a biphoton state to the matter-mediated
coupling between the photons within the sample. Our
theory develops from a perturbative expansion of the
biphoton amplitude in which the single-photon terms are
coupled order-by-order via a a complex entanglement pa-
rameter, ξ, which we take as a measure of the photon-
photon coupling mediated by the medium. We also de-
velop a microscopic model for photon-photon entangle-
ment a mediated by cross-correlated spectral fluctuations
and relate this to the von Neumann entropy of the out-
going biphoton quantum state. We show that in the
limit of rapid fluctuations and motional narrowing de-
stroy entanglement whereas in the limit of homogeneous
broadening (gaussian noise), fluctuations produce entan-
gled states with a maximum entropy determined by the
spectral width.
II. DIAGRAMMATIC REPRESENTATION OF TWO-PHOTON SCATTERING AMPLITUDE
As illustrated in Fig. I, we consider here the entanglement produced by the interaction of an initial biphoton input
state17
|ψin〉 =
x
dω1dω2F(ω1, ω2)Bˆ†(ω1)Bˆ†(ω2)|0〉 (1)
with a sample S to produce a biphoton output state
|ψout〉 =
x
dω′1dω
′
2
x
dω1dω2 (2)
S(2)(ω1, ω2;ω′1, ω′2)F(ω1, ω2)Bˆ†(ω1)Bˆ†(ω2)|0〉
a)Electronic mail: bittner@uh.edu
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FIG. 1. Spectrally-resolved Hanbury Brown and Twiss experimental setup. Following the beam-splitter (BS), the two photon
frequencies are resolved before coincidence detection.
Here, we denote photon creation operators Bˆ†(ω1) and Bˆ†(ω2) acting on the photon vacuum state |0〉, and the
scattering amplitude S(2) reflecting the photons interaction with the sample. We shall leave the exact representation
of the scattering amplitude undefined at the moment; however, we assume throughout that interaction with the
sample placed before the beam-splitter affects the two-photon entanglement as the result of many-body interactions
occurring when two photons interact with each other via the medium. In principle, initial input F(ω1, ω2) may be
separable into single photon terms F(ω1, ω2) = f1(ω1)f2(ω2) but we shall assume that the output amplitude is not
separable and corresponds to an entangled photon pair.
Following interaction with the sample, the light passes through a symmetrical beam splitter (BS). For co-linear
photon beams, this produces the mapping16,17
Bˆ†(ω′1)Bˆ
†(ω′2) 7→
1
2
[Aˆ†1(ω
′
1) + iAˆ
†
2(ω
′
1)][Aˆ
†
1(ω
′
2) + iAˆ
†
2(ω
′
2)], (3)
where A†1 (A
†
2) creates a photon state in channel 1 (channel 2) after the beam splitter resulting in the post-beam
splitter state given by
|ψBS〉 = 1
2
(|ψ1〉 − |ψ2〉+ |ψc〉) (4)
where the kets |ψ1〉 and |ψ2〉 correspond to the cases where both photons are in either channel, and
|ψc〉 = i
2
x
dω′1dω
′
2
x
dω1dω2S(2)(ω1, ω2;ω′1, ω′2)F(ω1, ω2)[Aˆ†1(ω1)Aˆ†2(ω2) + Aˆ†2(ω1)Aˆ†1(ω2)]|0〉 (5)
=
i
2
x
dω′1dω
′
2
x
dω1dω2[S(2)(ω1, ω2;ω′1, ω′2)F(ω1, ω2) + S(2)(ω2, ω1;ω′2, ω′1)F(ω2, ω1)]|ω1ω2〉 (6)
corresponds to the case where single photons are in both channels leading to the possibility of detecting the coincidence
counts. From this we compute the coincidence probability as
Pc = 〈ψc|ψc〉 = 14
x
dω1dω2
x
dω′1dω
′
2{|S(2)(ω1, ω2;ω′1, ω′2)|2|F(ω1, ω2)|2 + |S(2)(ω2, ω1;ω′2, ω′1)|2|F(ω2, ω1)|2 (7)
+ 2Re[S(2)(ω1, ω2;ω′1, ω′2)F(ω1, ω2)S(2)∗(ω2, ω1;ω′2, ω′1)F∗(ω2, ω1)]} (8)
which we take to be the integrated number of coincident photon pairs counted per unit time. For the experimental
set-up sketched in Fig. I, symmetry dictates that S(2)(ω1, ω2;ω′1, ω′2) = S(2)(ω2, ω1;ω′2, ω′1) and F(ω1, ω2) = F(ω2, ω1),
leading to a counting rate of
Pc =
x
dω1dω2
x
dω′1dω
′
2|F(ω1, ω2)|2|S(2)(ω1, ω2;ω′1, ω′2)|2. (9)
Hence, by measuring the spectral or polarization resolved coincidences, one can reconstruct the biphoton scattering
probability. We next develop a relation between the scattered biphoton amplitude S(2) and the spectral response of
the system.
A. Diagrammatic Expansion of Scattering Amplitude
In general, we can write the elastic scattering of a single photon through a resonant medium in the form
S(1)(ω, ω′) = exp(A(ω))δ(ω − ω′) (10)
3where
A(ω) = − ib
(ωo − ω) + iγ (11)
is the Fourier transform of the free induction decay
A(t) = −
√
2pibe−γteiωot (12)
for t > 0 of an oscillator with frequency ωo and dephasing time 1/γ. b = αLγ/2 where αL is the optical thickness and
α is a Bouger coefficient. Consequently, if two independent (non-entangled) photons are scattered from the resonant
medium we anticipate a scattering amplitude of
S(2)(ω1, ω2;ω′1, ω′2) = S(1)(ω1)S(1)(ω2)δ(ω1 − ω′1)δ(ω2 − ω′2) (13)
In this case, two independent photons are transmitted without any interaction leading to them being entangled.
Suppose, however, that interactions leading to entanglement are weak such that we can write the two photon
scattering amplitude as perturbation expansion of the form
S(2) = S(2)o + S(2)o VS(2) = S(2)o + S(2)o VS(2)o + S(2)o VS(2)o VS(2)o + · · ·
whereby S(2)o = S(1)S(1) is separable into single photon terms and V mediates the interaction between photon pairs
via the resonant cavity. This suggests the following diagrammatic expansion
S(2) =
(ω1, ω2)
(ω′1, ω
′
2)
ω2ω1
ω′2ω
′
1
+
ω1 ω2
ω′1 ω
′
2
+
ω1 ω2
ω′1 ω
′
2
+ · · ·
(14)
where solid lines are S(1) propagations and springs denote the interaction. Suppose we write that V(ω) contributes a
phase-shift of the form
V(ω) = ξeiφδ(ω) (15)
but does not create a frequency shift. Then only the term at ω = 0 will contribute (so that ω1 = ω
′
1 and ω2 = ω
′
2)
S(2)1 = ξeiφS(1)(ω1)S(1)(ω2)S(1)(ω1)S(1)(ω2) (16)
Iterating this,
S(2)n = Vn
(
S(2)o
)n+1
= ξneinφ
(
S(1)(ω1)
)n+1 (
S(1)(ω2)
)n+1
(17)
Taking
S(1)(ωi) = exp
[
− ib
(ωo − ωi) + iγ
]
= zi (18)
is a complex number determined by the input photon frequency. Thus, the whole perturbation series becomes
S(2) = z1z2
∞∑
n=0
(
ξeiφz1z2
)n
(19)
Setting q = ξeiφz1z2 and assuming |q| < 1 then the series can be summed exactly
S(2) = z1z2
1− q (20)
Writing this in terms of the S(1) functions, we obtain
S(2)(ω1, ω2;ω1, ω2) = S
(1)(ω1)S(1)(ω2)
1− ξS(1)(ω1)S(1)(ω2)eiφ . (21)
We shall refer to ξ as the entanglement parameter. When ξ = 0,
S(2)(ω1, ω2) = exp[A(1)(ω1)] exp[A(1)(ω2)] = S(1)(ω1)S(1)(ω2) (22)
is separable in terms of the individual photon amplitudes.
4B. Averaging over Phase
In principle, the phase φ introduced in Eq. 15 depends upon the microscopic details of the system, such as the
relative orientation of the atomic or molecular scattering sites within the sample, and may be simply be a random
quantity. Averaging over phase, we write
S(2)(ω1, ω2;ω1, ω2) =
〈 S(1)(ω1)S(1)(ω2)
1− ξS(1)(ω1)S(1)(ω2)eiφ
〉
. (23)
Writing this again as a geometric series
S(2)(ω1, ω2;ω1, ω2) = S(1)(ω1)S(1)(ω2)
∑
n
(ξS(1)(ω1)S(1)(ω2))n
〈
einφ
〉
. (24)
Suppose that the phase φ is uniform over [0, 2pi), then
〈
einφ
〉
=
∫ 2pi
0
einφ
2pi
dφ = δn0.
In this case, the relative phase is completely randomized and the biphoton amplitude collapses exactly into the product
of two single photon terms.
S(2)(ω1, ω2;ω1, ω2)→ S(1)(ω1)S(1)(ω2) (25)
On the other hand, suppose the phase is normally distributed about a central value, which we can take to be zero,
i.e. φ = 0 and φ2 = σ2. Here, the average over φ can be cast as
〈
einφ
〉
=
(
1− n
2φ2
2!
+
n4φ4
4!
− · · ·
)
Writing this in terms of the second moment
〈
einφ
〉
=
∞∑
k=0
(−1)k(nσ)2k (2k − 1)!!
(2k)!
=
∞∑
k=0
(−1)k (nσ)
2k
2kk!
= e−(nσ)
2/2. (26)
This gives
S(2)(ω1, ω2;ω1, ω2) =
∞∑
n=0
ξne−n
2σ2/2(S(1)(ω1)S(1)(ω2))n+1. (27)
Plots for this are shown in Fig. 2a for the case of a model system with spectral parameters for Eq. (18): ω0 = pi, bo = 1
and γ = 2. In each case, we assume an input of two photon Fock-state giving an output biphoton amplitude that is
correlated along ω1 = ω2. For the case of Gaussian noise, the final state is not necessarily separable into the product
of two functions and the resulting state is correlated in frequency, as shown in Fig. 2 for various choices of spectral
parameters. The von Neumann entropy, Sψ (c.f. Sec. III B) gives a useful means of quantifying the entanglement of
these states. Schmidt decomposition of Eq. 27 for a given value of σ gives Fig. 2b where we have plotted the von
Neumann entropy in terms of increasing interaction and in terms of increasing Gaussian noise. Generally, increasing
ξ leads to an increase in entanglement for a given amount of noise σ as shown in Fig. 2b.
III. STOCHASTIC MODEL FOR TWO-PHOTON
SCATTERING AMPLITUDE AND ENTANGLEMENT
ENTROPY
We now dig deeper and develop a fully microscopic
model for entropy production in biphoton scattering. In
time-domain the input state on the left boundary of the
cavity (Fig. I) can be represented as
|ψin〉 =
x
dt1dt2F(t1, t2)bˆ†1,in(t1)bˆ†2,in(t2)|0〉, (28)
where the cavity input photon operator16
bˆ†j,in(t) = −
∫
dω√
2pi
Bˆ†j (ω)e
iωt (29)
is the Fourier transform of the external photon mode op-
erator Bˆ†j (ω) entering Eq. (1). Noteworthy that substitu-
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FIG. 2. (Left) Absolute values of two-photon scattering functions for squeezed biphotons with Gaussian noise interactions:
(a) ξ = 0.1, σ = 0.1; (b) ξ = 0.5, σ = 0.1; (c) ξ = 0.9, σ = 0.1; (d) ξ = 0.5, σ = 1.0. In each case we take parameters for S(1) in
Eq. (18) as: ω0 = pi, bo = 1 and γ = 2. (Right,top) Entanglement entropy (Eq. (54)) vs. coupling ξ for case of gaussian noise.
Points a,b, and c correspond to specific biphoton states shown to the left. (Right,bottom) Entanglement entropy (Eq. (54)) vs.
noise strength (σ). Points a to d correspond to specific biphoton states shown to the left.
tion of Eq. (29) into Eq. (28) and subsequent integration
over the time variables exactly results in the frequency
domain representation given by Eq. (1) where F(ω1, ω2)
is identified as the Fourier transform of F(t1, t2). Fol-
lowing, the input output formalism,18,19 we identify the
boundary condition on the left boundary of the cavity
with the mode leakage rate κj as bˆ
†
j,in(t) + bˆ
†
j,r(t) =√
κj bˆ
†
j(t). This connects the input photon operator
defined above, the reflected (output) photon operator
bˆ†j,r(t), and the cavity photon operator b
†
j(t). The re-
flected mode is not measured in experiment and will not
be considered below. However, the cavity mode opera-
tor contains information on the interactions within the
cavity and will be determined below.
Time domain cavity output operators can be expressed
in terms of the photon operators outside the cavity as16
bˆ†j,out(t) =
∫
dω√
2pi
Bˆ†j (ω)e
iω(t−tf ), (30)
representing interaction free photon modes Bˆ†j (ω) out-
side the cavity propagated back in time from tf to
actual measurement time t. Evaluation of the coin-
cidence probability requires partitioning of Bˆ†j (ω) op-
erator according to Eq. (3). Thus, the output state
needs to be represented in terms of these operators as
|ψout〉 =
s
dω′1dω
′
2F(ω′1, ω′2)Bˆ†1(ω′1)Bˆ†2(ω′2)|0〉 which ac-
cording Eq. (30) translates to
|ψout〉 =
x
dω1dω2F(ω1, ω2)
x
dt1dt2e
−iω1(t1−tf )(31)
× e−iω2(t2−tf )〈bˆ†1,out(t1)bˆ†2,out(t2)〉|0〉,
where and angle brackets describe the average of the out-
put operators over the material induced cavity mode fluc-
tuations. Similar to the input mode we establish the fol-
lowing boundary condition on the cavity right boundary
bˆ†j,out(t) =
√
κj bˆ
†
j(t). This condition assumes the same
cavity leakage, κj , and according to the setup geometry
in Fig. I, no input photons on the right. Taking into ac-
count this boundary condition, evaluation of the output
state using Eq. (31) reduces to the evaluation of the time
domain correlation function of the cavity mode operators
that will directly result in the evaluation of the desired
scattering amplitude.
A. Stochastic Model for Cavity Photon Scattering
We adopt the following stochastic Hamiltonian to de-
scribe cavity photon modes bˆ†j coupled to the input and
6output biphoton states
Hˆph = ~
∑
j=1,2
(ωj + δωj) bˆ
†
j bˆj . (32)
Here, δωj = δωj(t) is the time-dependent photon fre-
quency fluctuations of each mode. Appendix A provides
an example connecting such a generic Hamiltonian with a
microscopic Hamiltonian describing photon wave packet
scattering by fluctuations of delocalized polariton modes
confined within a cavity.
Applying input output formalism to the cavity modes
described by the Hamiltonian (32), one obtains the quan-
tum Langevin equation16,20
∂
∂t
bˆ†j(t) = i (ω˜j + δωj) bˆ
†
j(t) +
√
κj bˆ
†
j,in(t). (33)
with ω˜j = ωj + iκj/2. Assuming that the material fluc-
tuation dynamics occurs on the timescale faster that the
cavity leakage one can formally integrate Eq. (33) that
results in
bˆ†j,out(t) =
√
κj
∫ t
0
dt′eiω˜j(t−t
′) (34)
× exp+
i t∫
t′
dτδωj(τ)
 bˆ†j,in(t′),
with exp+[. . .] being positive time ordered exponential.
Here, we also used the boundary condition for the cavity
right boundary to express the cavity mode operator in
terms of cavity output mode.
According to Eq. (34), the output single and two-
photon operators averaged over the cavity fluctuations
can be represented as
〈bˆ†j,out(t)〉 =
∫ ∞
0
dt′S(1)j (t, t′)fj(t′)bˆ†in,j(t′), (35)
〈bˆ†1,out(t1)bˆ†2,out(t2)〉 =
∫ ∞
0
dt′1
∫ ∞
0
dt′2 (36)
S(2)(t1t2, t′1t′2)F(t′1, t′2)bˆ†1,in(t′1)bˆ†2,in(t′2),
where we explicitly assumed F(ω1, ω2) = f1(ω1)f2(ω2)
for a single photon propagation. The single- and two-
photon scattering amplitudes entering Eqs. (35) and (36)
read
S(1)j (t, t′) = θ(t− t′)eiω˜j(t−t
′) (37)
×
〈
exp+
i t∫
t′
dτδωj(τ)
〉 ,
S(2)(t1t2, t′1t′2) = θ(t1 − t′1)θ(t2 − t′2) (38)
×eiω˜1(t1−t′1)+iω˜2(t2−t′2)
×
〈
exp+
i t1∫
t′1
dτδωˆ1(τ)
 exp+
i t2∫
t′2
dτδωˆ2(τ)
〉 .
Here, θ(t) is the Heaviside theta-function and angle
brackets indicate average over the frequency fluctuations.
Substitution of Eq. (36) and (38) into Eq. (31) provides
an expression for the output biphoton state in terms of
the scattering amplitude and biphoton input states al-
lowing for the evaluation of the coincidence probability.
Diagrammatic techniques can be developed for single-
and two-photon scattering amplitudes via power series
expansion of the exponentials in Eqs. (37) and (38). In-
stead, we adopt a second cumulant approximation set-
ting all odd point correlation functions in the expansion
to zero, and partition the rest in to various products of
two-point correlation functions. Summation of the result-
ing power series gives rise to the following representation
of the single- and two-photon scattering amplitudes21,22
S(1)j (t, t′) = eiω˜j(t−t
′)−gj(t,t′), (39)
S(2)(t1t2, t′1t′2) = eiω˜1(t1−t
′
1)+iω˜2(t2−t2) (40)
×e−g1(t1,t′1)−g2(t2,t′2)−g12(t1t2,t′1t′2),
respectively. Accordingly, the two-photon scattering am-
plitude can be factorized as
S(2)(t1t2, t′1t′2) = S(1)1 (t1, t′1)S(1)1 (t2, t′2) (41)
× K(2)(t1t2, t′1t′2),
where the irreducible part
K(2)(t1t2, t′1t′2) = e−g12(t1t2,t
′
1t
′
2), (42)
is introduced.
The second cumulant function gj (Eqs. (39)) depends
on the j-th frequency autocorrelation function as
gj(t, t
′) =
t∫
t′
dτ1
τ1∫
t′
dτ2 〈δωj(τ1)δωj(τ2)〉 , (43)
and gives rise to the photon dephasing. Noteworthy,
the integration over dτ1 and dτ2 is time-ordered insuring
causality for a single-photon propagation. The second cu-
mulant function entering the irreducible part (Eq. (40))
is
g12(t1t2, t
′
1t
′
2) =
t1∫
t′1
dτ1
t2∫
t′2
dτ2 〈δω1(τ1)δω2(τ2)〉 . (44)
This accounts for the cross-correlations between different
photon modes and as we show below affects the photon
pair entanglement. In contrast to Eq. (43), here inte-
gration over dτ1 and dτ2 lacks time ordering indicating
that the photon cross-correlations are not casual. If the
cross-correlation function is zero then K12 = 1 and the
two-photon scattering amplitude factorized to a product
of single-photon ones.
For further analysis, we adopt Kubo-Anderson model
which is often used in spectroscopic line shape analysis.21
This model treats fluctuations as commuting random
7variable, whose time evolution is a Gaussian stochastic
process making second cumulant expansion exact. Fol-
lowing this approach, we set
〈δωj(τ1)δωj(τ2)〉 = σ2j e−|τ1−τ2|/τ¯j , (45)
〈δω1(τ1)δω2(τ2)〉 = σ212e−|τ1−τ2|/τ¯12 , (46)
where σ2j =
〈
δω2j (0)
〉
and σ212 = 〈δω1(0)δω2(0)〉 (τ¯j and
τ¯12) being single-mode and cross-mode variances (corre-
lation times), respectively.
The representation of the single photon amplitudes is
not essential for the analysis below and the details of the
derivation of the second cumulant functions in Eqs. (43)
and (44) for the correlation functions given in Eqs. (45)
and (46) are given in Appendix B. We discuss the limiting
cases here.
In the limit of inhomogeneous broadening where
σ12τ¯12  1, only four time-ordered contributions (de-
noted by g+12) survive:
e−g
+
12(t1t2t
′
1t
′
1) = e−γ12(t2−t
′
1), (47)
e−g
+
12(t1t2t
′
2t
′
1) = e−γ12(t2−t
′
2), (48)
e−g
+
12(t2t1t
′
2t
′
1) = e−γ12(t1−t
′
2), (49)
e−g
+
12(t2t1t
′
1t
′
2) = e−γ12(t1−t
′
2). (50)
In the limit of slow modulation for the mode cross-
correlation, i.e. σ12τ¯12  1 only terms that are quadratic
in time contribute to the second cumulant function. In
optics, this is referred to as the homogeneous broadening
limit. In this case, the irreducible part of the two-photon
scattering amplitude acquires a Gaussian form
K(2)(t1t2, t′1t′2) = e−σ
2
12(t1−t′1)(t2−t′2). (51)
B. Entanglement Entropy Analysis
Using the irreducible part of two-photon scattering
amplitude introduced in Eq. (42), we can compute the
von Neumann entropy S = −Tr[ρ ln ρ] for the scattered
biphoton state. Whereas above, we computed this in the
frequency domain, S is invariant under unitary transfor-
mations, including the Fourier transform, so we should
be able to evaluate the entropy directly from the time-
correlation functions. This can by accomplished by per-
forming a Schmidt decomposition of the scattering ampli-
tude in Eq. (41) into separable components. Since this
is a product of separable and non-separable terms, we
only need to decompose the irreducible part (Eq. (42))
involving g12,
e−g12(t1,t2,t
′
1,t
′
2) =
∑
k
rkφk(t1 − t′1)ψk(t2 − t′2) (52)
where the functions {φk(t1− t′1)} and {ψk(t2− t′2)} form
an orthonormal basis of Schmidt modes and rk are the
mode weights. The mode weights provide a useful way
to quantify the entanglement between photons.
If we write λk = rk/
√
B as the set of normalized
Schmidt coefficients such that∑
k
λ2k = 1 (53)
we can write the von Neumann entropy as
S = −
∑
k
λ2k ln(λ
2
k) (54)
If the state is a pure state, then the entropy is exactly
zero and one and only one of the λ2k = 1, the rest are
exactly equal to zero. That is to say that the biphoton
state is separable. Moreover, S = lnN where N is the
dimensionality of the Hilbert-space spanned by the basis
functions. In other words, increasing S implies that more
and more pairs of Schmidt basis functions are needed to
reconstruct the original function.
In the first case, where σ12τ¯12  1 (which would be the
limit of motional narrowing), the exponent of the cross-
correlation function is separable in terms of the times
(Eqs. (47)-(50)) and consequently, the entropy of the out-
going state is exactly equal to 0. This makes sense since
in this limit the cross-correlation function depends only
upon the intermediate two times in the time-ordering. In
other words, the only way for photon 1 to interact with
photon 2 is if the polarization created by the first persists
long enough to influence the second photon. Else, no
additional entanglement can be produced.
In the limit of slow modulation, the cross-correlation
depends upon all 4 times (Eq. (51)) and can not be sep-
arable into a pair of functions involving only t1 − t′1 and
t2− t′2. Here, we first expand Eq. (51) as a sum products
of Laguerre polynomials
e−σ
2
12xy =
∑
nm
cnmw
1/2(x)w1/2(y)Ln(x)Lm(y)
where w(x) are the Gaussian quadrature weights and
then determined the Schmidt vectors and coefficients by
diagonalizing the matrix c.c†.23 Fig. 3a shows the result-
ing entropy for this limit as a function of the fluctuation
strength σ212. Interestingly, this shows a maximum in
the entanglement for σ212 ≈ 1.33. This can be under-
stood in the following way. In the limit that σ212 is small,
fluctuations are simply too weak to generate entangle-
ment. On the other hand, large fluctuations will lead to
decoherence and collapse any entanglement that may be
presents. The maximum, then falls in the limit of being
neither too soft nor too hard.24 Fig. 3b shows the Schmidt
basis functions for the maximal entropy case where σ212.
An interesting case arises when
K(2) = aδ(t− t′).
Since one can write the delta-function as a resolution of
the identity in terms of orthogonal polynomials On(x),
23
δ(t− t′) = lim
N→∞
N∑
k=0
Ok(t)Ok(t
′), (55)
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FIG. 3. (a) Entropy vs. cross-correlation magnitude σ12 in
the case of slow-modulation (Homogenous broadening limit).
(b) Schmidt modes for maximally entangled state (σ212 =
1.33).
its normalized Schmidt coefficients are all equal to 1/
√
N .
This gives rise to the case of maximal entanglement en-
tropy since
S = − lim
N→∞
N∑
k=0
1
N
log(1/N)→∞. (56)
IV. DISCUSSION
We have presented here a model for the generation
of entanglement entropy for a biphoton Fock state in-
teracting with a material sample. We assume that the
two-photon scattering matrix can be decomposed into
a series of single photon/photon interactions mediated
by coupling to a medium with coupling strength ξ. In
the limit that the scattering produces a random phase
shift, the entanglement collapses and the outgoing state
is a single Fock state. However, in the case of Gaussian
noise, the entanglement entropy increases with increas-
ing coupling producing squeezed states. We also present
a microscopic model for the photon-photon coupling for
the case of two photons passing through an optical cav-
ity. Here, we again show that in the limit of fast fluctua-
tions and motional narrowing, the entanglement entropy
vanishes where as in the case of slow modulation (homo-
geneous broadening) the entanglement entropy reaches a
maximum value depending upon the magnitude of the
fluctuations. Our analysis shows that two-photon entan-
glement scattering provides a direct and sensitive probe
of correlated fluctuations within the sample system.
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Appendix A: Photon mode scattering via cavity polariton
fluctuations
In this Appendix adopted stochastic Hamiltonian (32)
is derived based on a simple model describing light scat-
tering by the fluctuations of delocalized polariton modes
confined in an optical cavity. For this situation, the pho-
ton Hamiltonian can be represented as a sum of two com-
ponents
Hˆph = Hˆo + Hˆs. (A1)
Assuming that biphoton wavepacket is spatially confined
within a cross section of area A and propagates in the
z-direction, the interaction free photon Hamiltonian in
the continues mode representation reads25
Hˆo =
∑
j=1,2
∫
dωjωj bˆ
†
ωj bˆωj . (A2)
with index j distinguishing the modes.
The photon scattering illustrated in Fig. I is described
by the interaction Hamiltonian
Hˆs = −
x
A
dxdy
L/2∫
−L/2
dz
∑
j=1,2
αˆjj(r)Eˆj(z)
2, (A3)
where the integration dS over the photon wave packet
cross section (x, y-plane) is partitioned from the spatial
integral in the propagation direction z. The cavity cross-
section is assumed to be larger than A and the length
is denoted by L. The electric field operator for the pho-
ton modes of interest represented in terms of the mode
creation and annihilation operators reads25
Eˆj(z) = i
∫
dωj
√
~ωj
4piεocA
(
bωje
iωjz/c − b†ωje−iωjz/c
)
,(A4)
9where c is speed of light and εo is the vacuum permittiv-
ity.
Evaluation of the integrals in the scattering Hamilto-
nian (A3) requires a model for the sample polarizability
operator αˆ(r). Let us consider delocalized cavity polari-
ton modes which we described by operator
ζˆkl = ζ¯kl + δζˆkl(t). (A5)
where kl denotes s-th polariton mode wave vector. ζ¯kl
is a cavity polariton steady state prepared by a resonant
external pumping and δζˆkl(t) is time-dependent mode
fluctuation operator. Accordingly, the polarizability can
be expanded up to the first order in the fluctuations
αˆjj = αjj(ζ¯kl) +
∑
l
∑
kl
∂αjj(ζ¯kl)
∂ζ¯kl
δζˆkl(t). (A6)
For further analysis the fluctuation operator is expanded
in terms of polariton spatial Fourier components
δζˆkl(t) = δζˆ
+
kl
(t)eiklr + δζˆ−kl(t)e
−iklr. (A7)
Making substitution of the second term in Eq. (A6)
along with Eq. (A7) into the scattering Hamiltonian (A3)
where the electric field is introduced by Eq. (A4), per-
forming integration over the cavity volume, and further
neglecting the terms describing simultaneous two-photon
creation and annihilation processes, we obtain
Hˆs = −~
∑
l
∑
kl
∑
j=1,2
∫
dωjκkl(ω
′) (A8)
×
(
bˆ†ωj+ckl bˆωjδζˆ
+
kl
+ bˆ†ωj bˆωj+cklδζˆ
−
kl
)
,
with the coupling parameter
κkl(ωj) =
1
εoL
∂αjj(ζ¯kl)
∂ζ¯kl
∣∣∣∣
k⊥l =0
[(ωj − ckl)ωj ]1/2 . (A9)
Since the photons propagate in z-direction, the total mo-
mentum conservation requires that the scattered photon
momentum changes for the amount of kj which is the z-
component of the total momentum kj . Accordingly, the
transverse (xy-plane) component of the momentum k⊥j
does not change resulting in the photon coupling to the
Γ-point of transverse polariton band as indicated above
by setting k⊥j = 0.
Taking into account that polariton modes have con-
tinuous dispersion relations kl = k(ωl) , we replace sum
over kl in Eq. (A8) by the integral over dωl. This results
in
Hˆs = −~
∑
j=1,2
∑
l
x
dωjdωl κ(ωjωl) (A10)
×
(
bˆ†ωj+ωl bˆωjδζˆ
+
ωl
+ bˆ†ωj bˆωj+ωlδζˆ
−
ωl
)
,
with the coupling parameter
κ(ωjωl) =
1
2piεo
∂αjj(ζ¯k(ωl))
∂ζ¯k(ωl)
∣∣∣∣
k⊥(ωl)=0
(A11)
× ∂k(ωl)
∂ωl
[(ωj − ωl)ωj ]1/2 .
The scattering Hamiltonian (A10) can be further sim-
plified, provided the interaction occurs near the bottom
of polariton modes, i.e. ωl ∼ 0. In this case one can set
∂αjj(ζ¯k(ωl))
∂ζ¯k(ωl)
∣∣∣∣
k⊥(ωl)=0
= α¯jjδ(ωl). (A12)
with α¯jj being a coupling constant. Substitution of
Eq. (A11) with Eq. (dalpha-loc) into Eq. (A10) recasts
the latter to the form of stochastic Hamiltonian (32) with
the frequency fluctuation operator defined as
δωj =
α¯jjωj
2piεo
∑
l
∂k(ωl)
∂ωl
δζˆl. (A13)
where a shorthand notation δζˆl = δζˆωl=0 is used.
Appendix B: Evaluation of second cumulants for Gaussian
stochastic process
In this Appendix, we derive explicit form of the single-
mode and cross-mode cumulant functions using the cor-
relation functions for stochastic Gaussian processes given
in Eqs. (45) and (46), respectively.
Evaluation of time ordered integral in Eq. (43) with
the correlation function given by Eq. (45) results in a
well known form of the second cumulant21
gj(t− t′) = (σj τ¯j)2 (B1)
×
{
(t− t′)/τ¯j + e−(t−t′)/τ¯j + 1
}
.
In the case of inhomogeneous broadening στ¯j  1 one
gets
gj(t− t′) = γj(t− t′), (B2)
with γj = σ
2τ¯j . In the case of homogeneous broadening
στ¯j  1 one gets
gj(t− t′) = σ2j (t− t′)2. (B3)
Evaluation of the integrals in Eq. (44) with the cross-
correlation function in Eq. (46) is not so straight forward
and one needs to take into account various ordering of
t′1, t1, t
′
2 and t2:
A : t ∞t
′
2 t2
t′1 t1
B : t ∞t
′
2 t2
t′1 t1
C : t ∞t
′
2 t2
t′1 t1
10
with three more corresponding to swapping index 1 and
2 (but not the primes).
g+12(t1t
′
1t2t
′
2) = (σ12τ¯12)
2 { (B4)
e−(t1−t2)/τ¯12 − e−(t1−t′2)/τ¯12
+ e−(t
′
1−t2)/τ¯12 − e−(t′1−t′2)/τ¯12
}
,
g+12(t1t2t
′
1t
′
2) = (σ12τ¯12)
2 {2(t2 − t′1)/τ¯12 (B5)
− e−(t1−t2)/τ¯12 + e−(t1−t′2)/τ¯12
− e−(t′1−t′2)/τ¯12 + e−(t2−t′1)/τ¯12
}
,
g+12(t1t2t
′
2t
′
1) = (σ12τ¯12)
2 {2(t2 − t′2)/τ¯12 (B6)
− e−(t′2−t′1)/τ¯12 + e−(t2−t′1)/τ¯12
− e−(t1−t2)/τ¯12 + e−(t1−t′2)/τ¯12
}
,
and three more
g+12(t2t1t
′
1t
′
2) = (σ12τ¯12)
2 {2(t1 − t′1)/τ¯12 (B7)
− e−(t′1−t′2)/τ¯12 + e−(t1−t′2)/τ¯12
− e−(t2−t1)/τ¯12 + e−(t2−t′1)/τ¯12
}
,
g+12(t2t1t
′
2t
′
1) = (σ12τ¯12)
2 {2(t1 − t′2)/τ¯12 (B8)
− e−(t2−t1)/τ¯12 + e−(t2−t′1)/τ¯12
− e−(t′2−t′1)/τ¯12 + e−(t1−t′2)/τ¯12
}
,
g+12(t2t
′
2t1t
′
1) = (σ12τ¯12)
2 { (B9)
e−(t2−t1)/τ¯12 − e−(t2−t′1)/τ¯12
+ e−(t
′
2−t1)/τ¯12 − e−(t′2−t′1)/τ¯12
}
,
with time indices 1 and 2 swapped. Note, our notation
is such that in g+12(tatbtctd), ta > tb > tc > td.
In the case of inhomogeneous broadening σ12τ¯12  1,
g+12(t1t
′
1t2t
′
2) = 0, g
+
12(t2t
′
2t1t
′
1) = 0, and the rest of time-
ordered cumulants simplify to the form
g+12(t1t2t
′
1t
′
2) = γ12(t2 − t′1), (B10)
g+12(t1t2t
′
2t
′
1) = γ12(t2 − t′2), (B11)
g+12(t2t1t
′
2t
′
1) = γ12(t1 − t′2), (B12)
g+12(t2t1t
′
1t
′
2) = γ12(t1 − t′1), (B13)
with γ12 = σ
2
12τ¯12.
In the case of homogeneous broadening σ12τ¯12  1,
Eqs. (B4)-(B9) simplify to the following expression
g12(t− t′) = σ212(t1 − t′1)(t2 − t′2), (B14)
which holds for all initial time permutations used in
Eqs. (B4)-(B9) .
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